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Abstract
The g-extra connectivity is an important parameter to measure the ability of tolerance
and reliability of interconnection networks. Given a connected graph G = (V,E) and a non-
negative integer g, a subset S ⊆ V is called a g-extra cut ofG ifG−S is disconnected and every
component of G−S has at least g+1 vertices. The cardinality of the minimum g-extra cut is
defined as the g-extra connectivity of G, denoted by κg(G). In a search for triangle-free graphs
with arbitrarily large chromatic numbers, Mycielski developed a graph transformation that
transforms a graph G into a new graph µ(G), which is called the Mycielskian of G. This paper
investigates the relationship of the g-extra connectivity of the Mycielskian µ(G) and the graph
G, moreover, show that κ2g+1(µ(G)) = 2κg(G) + 1 for g ≥ 1 and κg(G) ≤ min{g + 1, ⌊
n
2
⌋}.
Keywords: connectivity; g-extra connectivity; Mycielskian.
AMS subject classification 2010: 05C40; 05C05; 05C76.
1 Introduction
With the fast advancements of multiprocessor systems, the topic of an interconnection net-
work is an important research area. Furthermore, the fault-tolerance or reliability of a network
are important. A network is usually represented by a graph where vertices represent proces-
sors and edges respresent communication links between [3]. The fault-tolerance or reliability
of a network are often measured by the connectivity of a correasponding graph. A (vertex)
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cut of G is a set S ⊆ G such that G − S is disconnected or trivial. The connectivity of G,
denoted by κ(G), is defined as the minimum cardinality over all the cuts of G. However,
the parameter tacitly assumes that all vertices that are adjacent to, the same vertex can
potentially fail simultaneously. This is practically impossible in some network applications.
To solve this problem, the g-extra connectivity is introduced.
In 1996, Fa´brega and Fiol [2] proposed the g-extra connectivity of a graph. Given a
connected graph G = (V,E) and a non-negative integer g, a subset S ⊆ V is called a g-extra
cut of G if G−S is disconnected and every component of G−S has at least g+1 vertices. The
cardinality of the minimum g-extra cut is defined as the g-extra connectivity of G, denoted
by κg(G). Note that κ0(G) = κ(G). In the study of the g-extra connectivity, much of the
work has been focused on the computing some given networks for g with smaller values (see,
for example, [2, 4, 8, 10–12, 15–22]). In fact, the computing of the g-extra connectivity is
very difficult. As pointed out in [8, 15], no polynomial-time algorithm has been presented to
compute κg(G) for a general graph.
In a search for triangle-free graphs with arbitrarily large chromatic numbers, Mycielski [9]
developed an interesting graph transformation as follows. For a graph G = (V,E), the
Mycielskian of G is the graph µ(G) with the vertex set V ∪V
′
∪{u}, where V
′
= {x
′
: x ∈ V }
and the edge set E ∪ {xy
′
: xy ∈ E} ∪ {y
′
u : y
′
∈ V
′
}. The vertex x
′
is called the twin of
the vertex x (and x is the twin of x
′
). Furthermore, for any F ⊆ V , the set F
′
(F
′
⊆ V
′
) is
called the twin of F (and F is the twin of F
′
). The vertex u is called the root of µ(G). For
example, let G be a path of order n, then the Mycielskian of G is shown in Figure 1. For
n ≥ 2, µn(G) is defined iteratively by setting µn(G) = µ(µn−1(G)).
In recent times, there has been an increasing interest in the study of the Mycielskian,
especially, in the study of their circular chromatic numbers [5–7,13,14]. One of these papers
is by Chang et al. [5] wherein they have proved if G has no isolated vertices, then κ(µ(G)) ≥
µ(G) + 1. In 2008, R. Balakrishnan and S. Francis Raj [24] have investigated the vertex-
connectivity κ(µ(G)) and edge-connectivity κ
′
(µ(G)) of µ(G) and obtained the following
results.
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Lemma 1.1. [24] If G is a connected graph, then
(1) κ(µ(G)) = 2κ(G) + 1 iff δ(G) ≥ 2κ(G),
(2) κ(µ(G)) = min{δ(G) + 1, 2κ(G) + 1}.
In 2012, Guo and Liu [23] have proposed that µ(G) is super-κ if and only if δ(G) < 2κ(G),
and µ(G) is super-λ if and only if G ≇ K2 for a connected graph G with |V (G)| ≥ 2.
In this paper, we investigate the relationship of the g-extra connectivity of the Mycielskian
µ(G) and the graph G, moreover, show that κ2g+1(µ(G)) = 2κg(G) + 1 for g ≥ 1 and
κg(G) ≤ g + 1.
2 Terminology and notations
All graphs considered in this paper are connected, undirected, finite and simple. We refer
to [1] for graph theoretical notation and terminology not described here. For a graph G, let
V , E, e(G) and n(G) denote the set of vertices, the set of edges, the size and the order of
G, respectively. A subgraph H of G is a graph with V (H) ⊆ V (G), E(H) ⊆ E(G), and
the endpoints of every edge in E(H) belonging to V (H). For any subset X of V (G), we use
G−X to denote the subgraph of G obtained by removing all the vertices of X together with
the edges incident with them from G. If X = v , we simply write G − v for G − X. The
degree of a vertex v in G, denoted by degG(v), is the number of edges of G incident with v.
The neighbor set of a set X ⊆ V (or a vertex v ) in G is denoted by NG(X) (or NG(v)) and
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the δ(G) is minimum degree of the vertices of G.
3 Main results
In this section, we determine the relationship of the g-extra connectivity of the Mycielskian
µ(G) and the graph G for g ≥ 0.
For a graph G, by κ0(G) = κ(G) and Lemma 1.1, the following result is immediately
obtained when g = 0.
Theorem 3.1. If G is a connected graph, then
(1) κ0(µ(G)) = 2κ0(G) + 1 iff δ(G) ≥ 2κ0(G),
(2) κ0(µ(G)) = min{δ(G) + 1, 2κ0(G) + 1}.
Furthermore, we can obtain the relationship of the g-extra connectivity of the Mycielskian
µ(G) and the graph G for g ≥ 1.
Theorem 3.2. For a graph G, let g be a non-negative integer (g ≥ 1) and κg(G) ≤ min{g+
1, ⌊n
2
⌋}, then
κ2g+1(µ(G)) = 2κg(G) + 1.
Proof. By the definition of κg(G), there exists a set F ⊆ V and |F | = κg(G) whose deletion
results that G is disconnected and every remaining component has at least g + 1 vertices.
Clearly, from the structure of µ(G), there is the twin F
′
of F , and deleting F ∪ F
′
∪ u in
µ(G), we know µ(G) − (F ∪ F
′
∪ u) is disconnected and each remaining component has at
least 2g + 2 vertices. Hence, κ2g+1(µ(G)) ≤ 2κg(G) + 1.
To prove the converse, let S be a arbitrary vertex set of µ(G) and |S| ≤ 2κg(G), we are
to derive a contradiction. For the convenience of discussion, let S ∩ V = A and S ∩ V ′ = B′.
The following two cases are considered.
Case 1. u /∈ S.
Case 1.1 |A| < κg(G).
4
Claim 1. If G−A is connected in G, then µ(G) − S is connected.
Let M = G − A and C
′
= M
′
+ NA′ (M), where M
′
and A
′
are the twins of M and A,
respectively. We consider the claim from the following situations.
• C
′
* B
′
.
There exists at least one vertex w ∈ C
′
and w /∈ B
′
. Since u is adjacent to all vertices
of V
′
and w is connected with M , we know µ(G)− S is connected.
• C
′
⊆ B
′
.
From the structure of µ(G), it is easy to get that µ(G) − S is disconnected. Since
2κg(G) ≥ |S| = |A+B
′
| ≥ |A+M
′
+NA′ (M)| ≥ n+1, contradicting that κg(G) ≤ ⌊
n
2
⌋.
Claim 2. If G−A is disconnected in G and there exists at least one component that has
at most g vertices, then µ(G)− S is connected, or µ(G)− S is disconnected and there exists
at least one component that has at most 2g + 1 vertices.
Let G1, G2, · · · , Gr (r ≥ 2) are all components of G−A. We consider the claim from the
following situations.
• |Gi| ≤ 2g + 1 for any Gi (1 ≤ i ≤ r).
If G
′
i +NG′ (Gi) ⊆ B
′
(G
′
i is the twin of Gi), then µ(G) − S is disconnected and Gi is
one component of µ(G)−S. If G
′
i+NG′ (Gi) * B
′
, then there exists at least one vertex
w ∈ G
′
i +NG′ (Gi) and w /∈ B
′
. Since w is adjacent to u and is connected with Gi, we
know µ(G)− S is connected.
• |Gi| ≥ 2g + 2 for some Gi (1 ≤ i ≤ r).
Without loss of generality, let |G1| ≥ 2g+2. If (G
′
1+NG′ (G1)) ⊆ B
′
, then µ(G)−S is
disconnected and G1 is one component of µ(G) − S. Since 2κg(G) ≥ |S| = |A+B
′
| ≥
|A + G
′
1 + NG′ (G1)| ≥ 1 + 2g + 2 + 1 = 2g + 4, contradicting that κg(G) ≤ g + 1.
If (G
′
1 + NG′ (G1)) * B
′
, then µ(G) − S is either connected or disconnected and all
components of µ(G)− S have at most 2g + 1 vertices.
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From Claim 1 and Claim 2, when |A| < κg(G), we can get µ(G) − S is connected, or
µ(G) − S is disconnected and there exists at least one component that has at most 2g + 1
vertices, contradicting that the definition of κ2g+1(µ(G)).
Case 1.2 |A| ≥ κg(G).
Claim 3. If G−A is connected in G, then µ(G) − S is connected.
The proof of this claim is similar to Claim 1.
Claim 4. If G−A is disconnected in G and there exists at least one component that has
at most g vertices, then µ(G)− S is connected, or µ(G)− S is disconnected and there exists
at least one component that has at most 2g + 1 vertices.
The proof of this claim is similar to Claim 2.
Claim 5. If G−A is disconnected in G and all components of G−A have at least g + 1
vertices, then µ(G) − S is connected.
Clearly, from the structure of µ(G), no matter how to delete B
′
, we know µ(G) − S is
always connected.
From Claim 3, Claim 4 and Claim 5, when |A| ≥ κg(G), we can get µ(G)−S is connected,
or µ(G)− S is disconnected and there exists at least one component that has at most 2g+1
vertices, contradicting that the definition of κ2g+1(µ(G)).
Case 2. u ∈ S.
Case 2.1 |A| < κg(G).
Claim 6. If G − A is connected in G, then µ(G) − S is connected, or µ(G) − S is
disconnected and the smallest component is an isolated vertex.
Let M = G−A. We consider the claim from the following two situations.
• NA′ (M) ⊆ B
′
.
From the structure of µ(G), it is easy to get that all vertices of A
′
−NA′ (M) are isolated
vertices in µ(G) − S.
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• NA′ (M) * B
′
.
There exists at least one vertex w ∈ NA′ (M) and w /∈ B
′
. If w is adjacent to all
vertices of A
′
−NA′ (M), then w is connected with M . And M
′
is connected with M ,
so µ(G)−S is connected. If w is not adjacent to at least one vertex v of A
′
−NA′ (M),
then µ(G) − S is disconnected and the smallest component is the vertex v.
Claim 7. If G−A is disconnected in G and there exists at least one component that has
at most g vertices, then µ(G)− S is connected, or µ(G)− S is disconnected and there exists
at least one component that has at most 2g vertices.
Let G1, G2, · · · , Gr (r ≥ 2) be all components of G − A, and X = {Gi||Gi| ≤ g, 1 ≤ i ≤
k, 1 ≤ k ≤ r}, Y = {G1, G2, · · · , Gr} −X = {Gj ||Gj | ≥ g + 1, k + 1 ≤ j ≤ r}, D
′
= A
′
∩B
′
and F
′
= A
′
−D
′
. Three situations are considered.
• D
′
= ∅.
From the structure of µ(G), all components of G−A are connected with A
′
. Thus we
can know µ(G)− S is connected.
• D
′
6= ∅ and D
′
= A
′
.
From the structure of µ(G), we have µ(G)−S is disconnected and Gi+G
′
i (Gi ∈ X) is
one component of µ(G)−S. Since Gi ∈ X and G
′
i is the twin of Gi, then |Gi+G
′
i| ≤ 2g.
• D
′
6= ∅ and D
′
6= A
′
.
• NA′ (Gi) ⊆ D
′
for some Gi (Gi ∈ X).
From the structure of µ(G), we have µ(G)− S is disconnected and Gi +G
′
i is one
component of µ(G)−S. Since Gi ∈ X and G
′
i is the twin of Gi, then |Gi+G
′
i| ≤ 2g.
• NA′ (Gi) * D
′
for any Gi (Gi ∈ X).
If NA′ (Gj) ⊆ F
′
for some Gj (Gj ∈ Y ), clearly, we know µ(G)−S is disconnected
and includes the component G1 +G2 + · · ·+Gk +Gj +G
′
1 +G
′
2 + · · ·+G
′
k +G
′
j
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(1 ≤ k ≤ r) and |G1 +G2 + · · · +Gk +Gj +G
′
1 +G
′
2 + · · · +G
′
k +G
′
j | ≥ 2g + 3,
then |D| = |D
′
| = κg(G), contradicting that |D| < |A| < κg(G).
If NA′ (Gj) * F
′
and NA′ (Gj) ∩ F
′
= ∅ for any Gj (Gj ∈ Y ), clearly, we know
µ(G)− S is disconnected and includes the component G1 +G2 + · · ·+Gk +G
′
1 +
G
′
2 + · · · + G
′
k (1 ≤ k ≤ r). If |G1 + G2 + · · · + Gk| ≥ g + 1, then |D| = |D
′
| =
κg(G), contradicting that |D| < |A| < κg(G). If |G1 + G2 + · · · + Gk| ≤ g, then
|G1 +G2 + · · ·+Gk +G
′
1 +G
′
2 + · · ·+G
′
k| ≤ 2g.
If NA′ (Gj) * F
′
and NA′ (Gj)∩F
′
6= ∅ for any Gj (Gj ∈ Y ), then all components
of G−A are connected with F
′
. Thus, we know µ(G)− S is connected.
From Claim 6 and Claim 7, when |A| < κg(G), we can get µ(G) − S is connected, or
µ(G) − S is disconnected and there exists at least one component that has at most 2g
vertices, contradicting that the definition of κ2g+1(µ(G)).
Case 2.2 |A| ≥ κg(G).
Claim 8. If G − A is connected in G, then µ(G) − S is connected, or µ(G) − S is
disconnected and the smallest component is an isolated vertex.
The proof of this claim is similar to Claim 6.
Claim 9. If G− A is disconnected in G and there exists at least one component that
has at most g vertices, then µ(G) − S is connected, or µ(G) − S is disconnected and
there exists at least one component which has at most 2g vertices.
The proof of this claim is similar to Claim 7.
Claim 10. If G −A is disconnected in G and every component of G − A has at least
g+1 vertices, then µ(G)−S is connected, or µ(G)−S is disconnected and the smallest
component is an isolated vertex.
Let G1, G2, · · · , Gr (r ≥ 2) are all components of G−A and D
′
= A
′
∩B
′
.
• D
′
= ∅.
From the structure of µ(G), all components of G − A are connected with A
′
, then
µ(G)− S is connected.
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• D
′
6= ∅ and D
′
= B
′
.
In fact, from |V ∩ S| = |A| ≥ κg(G), so |V
′
∩ S| = |B
′
| ≤ κg(G) − 1, we know there
exists one vertex w ∈ A and w /∈ B (the twin of B
′
).
If w is connected with all components of G−A, then we have w
′
(the twin of w) is also
connected with the components, so µ(G)− S is connected.
If w is connected with some components of G−A, then every component of G−B has
at least g + 1 vertices in G, clearly, we have |B| = |B
′
| = κg(G), contradicting that
|B
′
| ≤ κg(G)− 1.
If w is disconnected with all components of G − A, we have w and w
′
are connected
with B. From the structure of µ(G), we have µ(G) − S is disconnected and w
′
is an
isolated vertex component in µ(G)− S.
• D
′
6= ∅ and D
′
6= B
′
.
If D
′
is connected with all components of G−A, then µ(G)− S is connected.
If D
′
is connected with some components of G−A, from the structure of µ(G) then D
is connected with these components, then every component of G−D has at least g+1
vertices in G, clearly, |D| = κg(G), contradicting that |D| < |B
′
| ≤ κg(G) − 1.
From Claim 8, Claim 9 and Claim 10, when |A| ≥ κg(G), we can get µ(G)−S is connected,
or µ(G) − S is disconnected and there exists at least one component that has at most 2g
vertices, contradicting that the definition of κ2g+1(µ(G)).
4 Conclusion
Looking for the g-extra connectivity of a graph is quite difficult. In fact, its existence is
also an open problem until now. The g-good-neighbor connectivity of a graph is the same
as it. In the forthcoming paper, we will investigated the g-good-neighbor connectivity of the
Mycielskian.
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